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Round-robin entangling gates are a primitive for implementing logical gates on stabilizer codes
non-transversally. For qubit sets A,B,C, the round-robin gate CCZ(A,B,C) applies a physical CCZ
to every triple (a, b, c) ∈ A × B × C. When A,B,C are the supports of three Z logical operators,
CCZ(A,B,C) enacts a logical CCZ. When any one of them is the support of a Z stabilizer, it
preserves the code space and acts trivially. In this note, we prove that on any CSS code, round-robin
CCZ is all you need: every code-space-preserving CCZ circuit factors into a product of round-robin
CCZ circuits, in each of which either all three sets are Z logical operators or at least one is a Z
stabilizer. The proof is elementary and constructive: it yields a polynomial-time algorithm that
returns the decomposition. The same argument carries over verbatim from CCZ to general CrZ.
This characterization offers a combinatorial perspective on the design of codes with low-depth logical
CCZ gates: existing frameworks, such as algebraic code families and topological properties, can be
re-examined as conditions that enable effective cancellation within products of simple round-robin
circuits. The proof of this observation was derived by Claude Opus 4.8 and verified in Lean by an
auto-formalization model MerLean.

I. INTRODUCTION

Constructing quantum codes that admit low-depth log-
ical CCZ gates is an important problem in quantum er-
ror correction (QEC). Substantial prior works have ex-
plored three broad approaches. Early studies on topo-
logical codes have found transversal T and CCZ gates on
higher-dimensional topological codes [1, 2], such as 3D
color codes [3] and 3D surface codes [4]. These results
led to fault-tolerant schemes which perform universal
fault-tolerant quantum computation (FTQC) by code-
switching between 2D and 3D topological codes [4, 5].
Another line of work uses classical algebraic codes, such
as Reed-Solomon codes, to construct quantum codes with
good parameters and transversal CCZ. These codes of-
ten have high stabilizer check weights, but can be used
for magic state distillation [6, 7]. Recent works con-
structed asymptotically good codes with transversal CCZ
gates [8–10], which result in constant-overhead magic
state distillation schemes [8]. The third and most re-
cent direction combines the topological and algebraic
approaches to construct high-rate LDPC codes with
constant-depth CCZ gates, via a homological operation
called cup-product [11–15]. These methods have led to
discoveries of finite-length codes with interesting param-
eters and logical actions [16–19].

Relative to this rich literature on low-depth CCZ gates,
round-robin CCZ circuits, which are natively high-depth,
seem drastically different. Given qubit sets A,B,C, the
round-robin gate CCZ(A,B,C) applies a physical CCZ
to every triple (a, b, c) ∈ A × B × C, one qubit drawn
from each set. When A,B,C are the supports of three
Z logical operators, this acts as a logical CCZ on the
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corresponding logical qubits. Yoder, Takagi, and Chuang
introduced these circuits [20] and showed that on certain
stabilizer codes, such as the five-qubit code, they can
implement logical CCZ gates fault-tolerantly through a
method they call pieceable fault tolerance. A round-robin
circuit is not transversal, so a single fault can spread to
many qubits as the circuit runs. Pieceable fault tolerance
cuts the circuit into a few pieces and runs a round of
error correction between consecutive pieces, which keeps
faults from spreading and makes the gate fault-tolerant.
On the surface these round-robin gates sit far from the
algebraic and topological conditions that have driven the
constructions above.

In this note, we connect them with a structural ob-
servation: on any CSS code, round-robin CCZ is all you
need. Precisely (Theorem 5), the diagonal CCZ circuits
that act as the logical identity are exactly the products of
round-robin gates anchored on a Z-stabilizer. This char-
acterizes the trivial circuits, but it also reaches the non-
trivial ones, including the transversal addressable CCZ
gates sought in the constructions above. Given any di-
agonal CCZ circuit D with a nontrivial logical action,
multiply D by a round-robin realization of the inverse
action. The product acts as the logical identity, and
decomposes into anchored round-robin gates by Theo-
rem 5, and so D itself is a product of round-robin CCZ
gates. Round-robin gates therefore generate every diag-
onal CCZ circuit. The same conclusion generalizes ver-
batim from CCZ to general CrZ.

This characterization offers a combinatorial perspec-
tive on the design of codes with low-depth logical CCZ
gates: existing frameworks, such as algebraic code fam-
ilies and topological properties, can be re-examined as
conditions that enable effective cancellation within prod-
ucts of simple round-robin circuits. To endow a code
with a desired logical CCZ, transversal and/or address-
able, one may look for it among round-robin realizations
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and quotient by the stabilizer-anchored circuits. This
strategy was used, for example, to find a transversal CCZ
gate in the Bacon-Shor code [21]. Notably, round-robin
CCZs are naturally addressable, while most aforemen-
tioned works design low-depth CCZ gates that act glob-
ally on all logical qubits. Recent works [22, 23] have
constructed asymptotically good codes, via punctured
classical algebraic codes, that admit transversal (depth-
1) and arbitrarily addressable CCZ gates. [24] From the
perspective of this note, we see that for these codes the
round-robin CCZ circuit for any single logical CCZ gate
can be sparsified into a transversal circuit.

A. The role of AI Models

Besides the characterization itself, we’d like to high-
light another interesting facet of this note. The key ob-
servation of this note, namely that round-robin CCZ is
all you need, was first hypothesized by the authors in a
discussion. We first tried to prove it via induction on r,
and reduced it down to a matrix decomposition problem.
The notation became unwieldy and we left the thread
open. After the announcement by OpenAI that their
internal model disproved the longstanding unit distance
conjecture [25], we asked Claude Opus 4.8 to prove this
observation.

The model first produced a proof via tensor decom-
position, in which the notation was heavy. We sent the
proof to MerLean [26, 27], an auto-formalization model,
which verified the proof in Lean 4 in six hours. After-
wards, we complained to Claude that the proof was hard
to read and asked it to improve upon it. Claude then
produced the proof in Section III, which is quite simple.
Claude’s response times to the prompts were each within
20 minutes. Arguably, the observation itself is perhaps
at the level of a homework problem for a graduate-level
course. However, upon talking to several experts in the
field, none of them were aware of this equivalence. We
therefore decided to write up this note.

Within this note, the abstract and introduction were
almost entirely written by the authors. The remaining
sections were first drafted by Claude, after which we pro-
vided comments and prompted Claude to revise. Once
the writing started to take serious shape, we proceeded to
revise the note ourselves. The authors have proofread all
the contents and take responsibility for any mistakes. In
our experience, we found that Claude is decent at writ-
ing proofs, but not very insightful at writing discussions,
especially those around introductions. Despite Claude
having a fairly thorough understanding of the literature,
it needs (in our case) human input to interpret and nar-
rate the result produced. The present note carries that
purpose.

II. SETUP

A. Conventions

All linear algebra is over F2 = {0, 1} with the standard
symmetric bilinear form ⟨u, v⟩ =

∑
i uivi and orthogonal

complement V ⊥ = {x : ⟨x, v⟩ = 0 ∀v ∈ V }. For w ∈ Fn
2

we write supp(w) = {i : wi = 1} and identify a subset
of qubits with its indicator vector. We use the Pauli op-
erators X(u) =

∏
i X

ui
i and Z(w) =

∏
i Z

wi
i , and write

CrZ for the r-qubit controlled-Z gate, which applies the
phase −1 exactly when all r of its qubits are in state
1. Thus C1Z = Z, C2Z = CZ, and C3Z = CCZ. Sec-
tion II introduces the objects studied, Section III proves
the characterization, and Section IV gives the algorithm.

B. CSS codes and the codeword space

A CSS code on n qubits is specified by binary check
matrices HX , HZ with

HXHT
Z = 0. (1)

Write X = rowspHX and Z = rowspHZ for the X-
and Z-stabilizer support spaces in Fn

2 . The code space is
the joint +1 eigenspace of the stabilizers X(u), u ∈ X ,
and Z(w), w ∈ Z. We work in the computational basis,
where the relevant object is the codeword space

W := kerHZ = Z⊥ ⊆ Fn
2 .

The X-stabilizers partition W into X -cosets: W/X in-
dexes the logical computational basis, and each code
state is the uniform superposition over one coset,

|c⟩ = |X |−1/2
∑
s∈X
|c+ s⟩ , c+ X ⊆ W. (2)

C. Diagonal circuits and phase polynomials

Diagonal gates in the computational basis can be writ-
ten as Boolean polynomials. Such a gate multiplies each
basis state |x⟩ by a phase that depends on the bits x. For
the controlled-Z gates we study this phase is ±1, so it
has the form (−1)f(x) for a function f : Fn

2 → F2. That
Boolean function is the polynomial we track. Because
each coordinate satisfies x2

i = xi over F2, every func-
tion f : Fn

2 → F2 agrees with a unique multilinear poly-
nomial f(x) =

∑
T⊆{1,...,n} cT xT , where xT :=

∏
i∈T xi

and cT ∈ F2. We identify functions with their multilinear
representatives and write R := F2[x1, . . . , xn]/(x

2
i − xi)

for the resulting ring. Here deg f denotes the multilinear
degree.

We collect a few standard algebraic notions. The ring
R is commutative: elements are added and multiplied as
polynomials, then reduced by x2

i 7→ xi. An ideal I ⊆ R is



3

a subset closed under addition and under multiplication
by any ring element. The ideal (ℓ1, . . . , ℓm) generated
by ℓ1, . . . , ℓm is the set of all combinations

∑
i ℓihi with

hi ∈ R. We say f vanishes on a set V ⊆ Fn
2 if f(a) = 0

for every a ∈ V . Two homomorphisms of R are impor-
tant for the arguments in Section III. First, evaluation
at a point a ∈ Fn

2 , f 7→ f(a), is a ring homomorphism
R → F2. As evaluation respects sums and products, an
element of (ℓ1, . . . , ℓm) vanishes at a as soon as every ℓi
does. Second, a linear change of coordinates (substitut-
ing for each xi a linear form in new variables and reducing
multilinearly) induces an F2-algebra automorphism of R,
and this automorphism preserves multilinear degree: a
degree-e monomial becomes a product of e linear forms,
of degree ≤ e after reduction, so the map cannot raise de-
gree. The same applies to its inverse, so it cannot lower
degree either. Finally, we use the dual space of Fn

2 , the
linear maps (functionals) Fn

2 → F2. By non-degeneracy
of the form, every functional is x 7→ ⟨v, x⟩ for a unique
v ∈ Fn

2 . Hence any basis g1, . . . , gn of Fn
2 yields a basis

⟨g1, ·⟩, . . . , ⟨gn, ·⟩ of the dual space, and the n functionals
x 7→ ⟨gi, x⟩ serve as a new coordinate system on Fn

2 .

For a set T of qubits, the gate C |T |Z(T ) multiplies |x⟩
by (−1)xT

. Phases multiply, so a product of such gates
is the diagonal operator Df : |x⟩ 7→ (−1)f(x) |x⟩ whose
phase polynomial f =

∑
T cTx

T collects one monomial

per gate (added mod 2), with C |T |Z(T ) present iff cT =
1. The map f ↔ Df is a bijection between multilinear
polynomials and±1-valued diagonal operators, and deg f
equals the largest gate arity. We callDf a diagonal C≤dZ
circuit when deg f ≤ d. It is Clifford iff deg f ≤ 2, and a
CCZ circuit (our main case) when deg f ≤ 3.

Definition 1 (Logical identity). Df acts as logical iden-
tity if it restricts to a scalar (a global phase) on the code
space.

For Clifford Df this coincides with “preserves the sta-
bilizer group and induces the trivial logical gate.” For
deg f ≥ 3 the operator need not normalize the stabilizer
group (conjugation can send a Pauli stabilizer to a non-
Pauli operator), so we adopt the intrinsic Definition 1
throughout.

D. Round-robin gates and anchored generators

Fix pairwise-disjoint qubit sets A1, . . . , Ar. The round-
robin gate CrZ(A1, . . . , Ar) applies a physical CrZ to ev-
ery transversal r-tuple, one qubit drawn from each set:

CrZ(A1, . . . , Ar) :=
∏

(a1,...,ar)
∈A1×···×Ar

CrZ(a1, . . . , ar),

written CZ(A,B) and CCZ(A,B,C) for r = 2, 3. Its
phase polynomial factors into one linear form per set,

since expanding the product of sums gives

∑
(at)t

r∏
t=1

xat
=

r∏
t=1

( ∑
a∈At

xa

)
=

r∏
t=1

⟨At, x⟩.

If the sets overlap, the factored form
∏

t⟨At, x⟩ is still
the correct phase polynomial (it is an algebraic identity),
but it no longer corresponds to a product of full arity-r
gates: under multilinear reduction (x2

a = xa) any tuple
(a1, . . . , ar) that repeats a qubit collapses to a gate of
lower arity, e.g. CZ(a, a) = Za.
The gate becomes the logical identity as soon as one

of its sets is the support of a Z-stabilizer. To see this,
take A1 = supp(g) for a Z-stabilizer g ∈ Z, and let the
remaining sets be singletons indexed by a set J of qubits
with J∩supp(g) = ∅ and |J | = r. The phase polynomial
is then

ΨJ,g(x) := ⟨g, x⟩
∏
j∈J

xj

=
∑

a∈supp(g)

∏
i∈J∪{a}

xi,

which we call the anchored generator with anchor g and
legs J , and whose operator we write DJ,g. Explicitly,

DJ,g =
∏

a∈supp(g)

CrZ
(
J ∪ {a}

)
. (3)

Since ⟨g, x⟩ = 0 for every codeword x ∈ W = Z⊥, the
polynomial ΨJ,g vanishes on W, so DJ,g acts as logical
identity (Proposition 2). The empty leg set recovers the
Z-stabilizers: Ψ∅,g = ⟨g, x⟩ is the phase of Z(g), so the
Z-stabilizers are exactly the degree-1 anchored genera-
tors. We write

G := spanF2
{ΨJ,g : J ⊆ {1, . . . , n}, |J | = r, g ∈ Z}

for the span of anchored generators. Every element of G
acts as logical identity. The content of this note is the
converse.

III. THE CHARACTERIZATION

We first specify the meaning of logical identity.

Proposition 2 (Logical-identity criterion). Df acts as
logical identity if and only if f is constant on the code-
word space W. Equivalently, after subtracting the global-
phase constant f(0), this holds if and only if f |W = 0.

Proof. Use the codeword basis {|c⟩} of (2), indexed by
the X -cosets c+ X ⊆ W. Note c+ s ∈ W since X ⊆ W.
Then

Df |c⟩ = |X |−1/2
∑
s∈X

(−1)f(c+s) |c+ s⟩ .
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If f ≡ κ on W, then f(c+ s) = κ for all c, s, so Df |c⟩ =
(−1)κ |c⟩ for every c, i.e.Df = (−1)κId on the code space.
Conversely, if Df acts as a scalar λ, then since |c⟩ has
equal amplitudes on the distinct strings {c+ s : s ∈ X},
the equation Df |c⟩ = λ |c⟩ forces (−1)f(c+s) = λ for all
s ∈ X , with the same λ for all c. As c+ s ranges over all
of W, f is constant on W.

The criterion turns the problem into one about a poly-
nomial vanishing on a subspace, governed by the follow-
ing standard fact. We prove it with explicit degree con-
trol, since the algorithm of Section IV reads off its con-
struction.

Lemma 3 (Vanishing on a coordinate subspace). Let
V ⊆ Fn

2 be a subspace and g1, . . . , gm a basis of V ⊥, so
V = {x : ⟨gi, x⟩ = 0, i ≤ m}. Write ℓi := ⟨gi, ·⟩. For
f ∈ R the following are equivalent: (i) f |V = 0, and (ii)
f lies in the ideal (ℓ1, . . . , ℓm) ⊆ R. Moreover, if (i) holds
then f =

∑m
i=1 ℓihi with hi ∈ R and deg hi ≤ deg f − 1.

Proof. (ii)⇒(i). Evaluation at a point a ∈ V is a ring
homomorphism R → F2, and it sends each generator to
ℓi(a) = ⟨gi, a⟩ = 0, because a ∈ V = {x : ⟨gi, x⟩ = 0}.
A ring homomorphism that kills every generator of an
ideal kills the whole ideal, so every element of (ℓ1, . . . , ℓm)
vanishes at a, i.e. on V .

(i)⇒(ii). The key idea is to rotate coordinates so that
V becomes a coordinate subspace. In such coordinates,
“vanishing on V ” can be read off one monomial at a
time. Extend g1, . . . , gm to a basis g1, . . . , gn of Fn

2 . The
functionals ℓi = ⟨gi, ·⟩ are a basis of the dual space, so

φ : x 7−→ y =
(
ℓ1(x), . . . , ℓn(x)

)
is an invertible linear change of coordinates on Fn

2 . Let
F ∈ R be f rewritten in these coordinates, characterized
by f = F ◦ φ. Crucially, a linear change of coordinates
preserves multilinear degree (§II C): each new variable yi
is a degree-1 form in x and each old variable xi a degree-
1 form in y, so neither direction of the substitution can
raise degree, whence degF = deg f .

Two features of the new coordinates now finish the
proof.

• V is a coordinate subspace. By hypothesis V = {x :
ℓ1(x) = · · · = ℓm(x) = 0}, which in the y-coordinates
is exactly {y1 = · · · = ym = 0}, with ym+1, . . . , yn
free (as φ is onto and dimV = n−m).

• Vanishing is monomial-wise. Restricting F to V sets
y1 = · · · = ym = 0, which retains exactly the monomi-
als of F built from ym+1, . . . , yn alone and deletes the
rest. Since the multilinear representative is unique,
f |V = 0 forces this retained part to vanish identi-
cally: every monomial of F is divisible by some yi
with i ≤ m.

Assign each monomial of F to the least index i ≤ m of
a variable yi dividing it, and factor that variable out.

Collecting terms by their assigned index gives

F =

m∑
i=1

yi Hi(y)

with Hi multilinear and degHi ≤ degF −1. Finally pull
back through φ: resubstituting yi = ℓi(x) and setting
hi := Hi ◦φ turns this into f =

∑m
i=1 ℓi hi, with deg hi ≤

degF − 1 = deg f − 1. This places f in (ℓ1, . . . , ℓm) with
the stated degree control.

Remark 4. For clarity, we (the human authors), note a
stabilizer interpretation of the change of basis φ : x→ y.
By definition xi = (1 − Zi)/2, a projector onto the −1
eigenspace of the single-qubit Pauli Zi. Similarly, there
are projectors yi = (1 − Gi)/2 onto the −1 eigenspaces
of the Z stabilizers G1, . . . , Gm ∈ SU(2n) and Z log-
ical operators Gm+1, ...Gn ∈ SU(2n), which together
{Gi : i = 1, . . . , n} is also a complete basis of the Z-
type Pauli group. As such, it is possible to write each Zi

as a product Zi =
∏

j G
ϕij

j with all ϕij ∈ F2. Expand
out

xi =
1

2
(1− Zi) =

1

2
(1−

∏
j

G
ϕij

j )

=
1

2
(1−

∏
j

(1− 2yi)
ϕij ) =

∑
j

y
ϕij

j + 2Pi(y)

=
∑
j

y
ϕij

j

where Pi is just some polynomial over the integers and
the last equality uses 2Pi(y) = 0 which results from our
context, where xi is a term in a phase polynomial over
F2. We can replace each xi in f(x) by its expansion in yj
variables to create polynomial F such that f(x) = F (y).
Note that F has the same multilinear degree as f .

Theorem 5 (Round-robin generation). For a multilin-
ear phase polynomial f , the following are equivalent:

(1) Df acts as logical identity on the CSS code;

(2) f vanishes on the codeword spaceW (up to the con-
stant f(0));

(3) f ∈ G, i.e. f is an F2-linear combination of an-
chored generators ΨJ,g.

The generators may be taken with g ranging over a fixed
basis of Z and |J | ≤ deg f − 1. Equivalently, Df is a
product of round-robin C≤deg fZ gates each anchored on
a Z-stabilizer, using no gate of arity exceeding deg f .

Proof. (1)⇔(2) is Proposition 2. For (2)⇔(3), apply
Lemma 3 with V = W = Z⊥, whose orthogonal com-
plement is W⊥ = Z (the identity from §II), taking
g1, . . . , gm a basis of Z.
If (3) holds, each ΨJ,g = ⟨g, ·⟩xJ is a multiple of the

ℓi (write g =
∑

i aigi, so ⟨g, ·⟩ =
∑

i aiℓi), hence f ∈
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(ℓ1, . . . , ℓm) and f |W = 0, which is (2). Conversely, if
(2) holds, Lemma 3 gives f =

∑
i ℓihi with deg hi ≤

deg f − 1. Expanding each hi =
∑

J(hi)Jx
J ,

f =
∑
i,J

(hi)J ⟨gi, x⟩xJ

=
∑
i,J

(hi)J ΨJ,gi ,

an F2-combination of anchored generators with gi in a
basis of Z and |J | ≤ deg f−1 (the constant terms J = ∅
contributing the Z-stabilizers). Through (3), Df is a
product of round-robin C≤deg fZ gates anchored on Z-
stabilizers.

IV. AN EFFICIENT DECOMPOSITION
ALGORITHM

The proof of Theorem 5 is constructive: its only
non-bookkeeping step is the change to coordinates in
which the Z-stabilizers become coordinate functions
(Lemma 3), and in those coordinates the decomposition
is read off directly. Algorithm 6 carries this out.

Algorithm 6 (Decompose into anchored round-robin
gates). Input: the phase polynomial f (degree ≤ d) and
a basis g1, . . . , gm of Z. Output: either a certificate that
f |W ̸= 0, or anchored generators with f =

∑
i ΨJi,gi .

1. Extend g1, . . . , gm to a basis g1, . . . , gn of Fn
2 . Let

Φ be the matrix with rows gi, so that y = Φx are
adapted coordinates with yi = ⟨gi, x⟩.

2. Compute F (y) ← f(Φ−1y) by substituting x =
Φ−1y and reducing multilinearly.

3. Let ρ be the sum of the monomials of F containing
no variable in {y1, . . . , ym}. If ρ ̸= 0, return “not
logical identity” with witness ρ (this is f |W in the
y-coordinates).

4. Otherwise, for each monomial µ of F let i =
min{k ≤ m : yk | µ} and add µ/yi to Hi, giving
F =

∑
i≤m yiHi.

5. Return the gates DJ,gi for every monomial xJ of
Hi(Φx), i = 1, . . . ,m.

Theorem 7 (Efficient decomposition). Given the phase
polynomial f of a diagonal C≤dZ circuit and a basis of
Z, Algorithm 6 runs in time O(n2d) (in particular O(n6)
for CCZ circuits) and either

(i) certifies that Df is not the logical identity, return-
ing the nonzero restriction f |W as a witness; or

(ii) returns an explicit list of anchored generators ΨJi,gi

with |Ji| ≤ d − 1 and f =
∑

i ΨJi,gi , a decompo-
sition of Df into Z-stabilizer-anchored round-robin
C≤dZ gates.

Proof. Correctness. Since y = Φx gives yi = ⟨gi, x⟩, the
codeword space is W = {y1 = · · · = ym = 0} and ρ
is exactly f |W in the y-coordinates. Thus ρ ̸= 0 iff f
does not vanish on W iff, by Proposition 2, Df is not
the logical identity. This is output (i). If ρ = 0, every
monomial of F contains an anchor variable, so step 4
produces F =

∑
i≤m yiHi. Substituting y = Φx gives

f(x) =
∑
i

⟨gi, x⟩Hi(Φx) =
∑
i,J

ΨJ,gi

with |J | ≤ deg f−1, a valid decomposition by Theorem 5,
which is output (ii).
Complexity. Extending the basis and inverting Γ are

O(n3). The substitutions in steps 2 and 5 act on mul-
tilinear polynomials of degree ≤ d, of which there are
O(nd) monomials. Expanding each through a linear sub-
stitution costs O(nd), for O(n2d) in total, and the peeling
loop is O(nd). The dominant cost is O(n2d), i.e. O(n6)
for CCZ (d = 3).

Remark 8 (Non-uniqueness and minimality). The an-
chored generators are linearly dependent, so the decom-
position is not unique. The least-anchor-index rule in
step 4 selects one canonical representative. Finding a de-
composition with the fewest gates is the minimum-weight
solution of an F2 linear system, a separate optimization
that is hard in general and that we do not address.

Remark 9 (Worked example: round-robin to transversal
CZ on the Steane code). Take two copies of the Steane
code, the smallest two-dimensional color code, on qubits
1 to 7, with the three Z-stabilizer generators equal to the
X-stabilizers (the code is self-dual):

S1 = {1, 3, 5, 7}, S2 = {2, 3, 6, 7}, S3 = {4, 5, 6, 7}.

See [28] for more details on the Steane code. Write t, u
for the computational labels of the two copies, placed on
common qubits, and take the logical Z of each copy to be
{1, 2, 3}, so the logical bits are t1+t2+t3 and u1+u2+u3.
Two diagonal CZ circuits realize the same logical CZ be-
tween the encoded qubits:

round-robin: CZ({1, 2, 3}, {1, 2, 3}) =
∑

i,j∈{1,2,3}

tiuj ,

transversal:

7∏
i=1

CZ({i}, {i}) =
7∑

i=1

tiui.

The round-robin gate uses nine physical CZs and places
qubit 1 of each copy in three of them (degree 3). The
transversal gate uses seven, one per qubit (degree 1).
They differ by a product of anchored gates, each a CZ be-
tween a Z-stabilizer of one copy and a single qubit of the
other. Explicitly, the transversal gate is the round-robin
gate composed with the seven free gates

t1⟨S2, u⟩, t2⟨S1, u⟩,
t3⟨S1△S2, u⟩, t4⟨S3, u⟩,
⟨S2△S3, t⟩u5, ⟨S1△S3, t⟩u6,

⟨S1△S2△S3, t⟩u7,
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that is, CZs pairing t1 with u-qubits {2, 3, 6, 7}, t2
with {1, 3, 5, 7}, t3 with {1, 2, 5, 6}, t4 with {4, 5, 6, 7},
and pairing t-stabilizers {2, 3, 4, 5}, {1, 3, 4, 6}, {1, 2, 4, 7}
with u5, u6, u7. The sum can be verified directly. This
sparsifies the round-robin CZ into a transversal one, and
equivalently writes the transversal CZ as a product of
eight round-robin CZ gates: one anchored on the logical
operators and seven anchored on Z-stabilizers, the latter
acting as the logical identity.

Remark 10 (Cross-block circuits). The round-robin lit-
erature usually wires gates between distinct code blocks.
The characterization above applies to these circuits di-

rectly, as multiple blocks of CSS code are simply one
larger CSS code.
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